Abstract. We make a detailed study of Bell-type inequalities based on correlations between measurements of continuous observables performed on trapped molecular systems. We show that, in general, when an observable has a continuous spectrum which is bounded, one is able to construct non-locality tests sharing common properties with those for two-level systems. The specific observable studied here is molecular spatial orientation, and it can be experimentally measured for single molecules, as required in our protocol. We also provide some useful general properties of the derived inequalities and study their robustness to noise. Finally, we detail possible experimental scenarios and analyse the role played by different experimental parameters.
Introduction
Quantum mechanics allows for the existence of states without any classical correspondence. Examples of such states are entangled states, that may appear when describing the total state of a many particle system, or when describing different degrees of freedom of a single particle. Entangled states cause debate because they can present properties which contradict our classical intuition. In addition, some of these properties can be used to increase the security of quantum communication and the efficiency of algorithmic protocols when compared with classical techniques. This is why so much attention has been payed to problems belonging to the foundations of quantum mechanics, and in particular to quantum entanglement, which is believed to be one of its main traits [2] . One of the most important discussions on entanglement and its conflicts with classical physics concerns the realism and (non-)locality of quantum physics. As pointed out by Einstein et al. in the so called EPR [1] paradox, entangled states are closely connected to apparent contradictions between quantum mechanics and fundamental physical assumptions. Even if experimental evidence has been obtained to support quantum mechanics against the EPR criticism [5], it is still a matter of debate if such experiments were realized in the ideal conditions, closing all the loopholes, so as a definitive conclusion can be reached. At the same time, from the fundamental point of view, identifying precisely which essential quantum properties are involved in local realism violation is still an open a e-mail: perola.milman@gmail.com problem. This is why extending local realism tests to different physical systems and different physical scenarii still presents so much interest.
A common property of non-local states is entanglement. In spite of its importance and consequences in different physical contexts, it remains an open question to determine whether a general quantum system is entangled or not and to quantify the degree of entanglement of a given state. The problem has been solved for some particular cases, as for a general bipartite system of dimension H 2 ⊗ H 2 and H 2 ⊗ H 3 [7] , where H d is the one particle Hilbert space of dimension d. In such cases, necessary and sufficient conditions for telling whether a given state is entangled or not exists. In other particular cases, or subspaces, one can also find necessary and sufficient conditions. For instance, entanglement in bipartite pure states can always be recognized and quantified irrespectively of each parties' dimension. However, when dealing with arbitrary states, including the more realistic mixed ones, only necessary conditions for separability (non-entanglement) can be provided. A notion that will be useful in the following of this paper is the one of entanglement witnesses, defined as an operatorŴ for which the expectation value Ŵ ≤ S for all separable states. This ensures that the state is entangled if Ŵ > S. On the contrary, the case Ŵ ≤ S [6] is not conclusive. Examples of entanglement witnesses that are also useful for fundamental tests of quantum mechanics are Bell-type inequalities [12] , which are the main scope of this paper.
Bell-type inequalities are composed of combinations of observables that, when measured, allow for setting a Bell inequalities aim at answering the question: is quantum mechanics a local and realistic theory? In order to do so, they combine correlations between local measurements realized in a multiparty system. Since their first formulation, several other inequalities have been proposed, some studying the same type of problem as Bell, other generalizing locality and realism tests to many observers and many possible observables. There are a number of Bell type inequalities, and classifying all of them is a work by itself [8] .
The inequalities derived here follow the original formulation of Clauser, Horne, Shimony and Holt (CHSH) [4] , and deal with the following scenario: two observers A and B perform local measurements on a bipartite system. Each observer can chose among two experimental set-ups (a and a for A and b and b for B). Each measurement performed by A and B can give only two outcomes. At its origin, CHSH inequalities have been formulated for a pair of spin 1/2 particles or equivalent two-level systems. In the framework of local hidden variable (LHV) theories the measurement outcomes correlation statistics which must fulfil:
where σ α is the Pauli matrix in the α direction. Briefly, in a LHV theory, one assumes that measurements performed by each observer are independent and their outcomes have a probability distribution which is a product of independent probabilities for each subsystem. Such probabilities can also depend on some random local variable. Details are discussed in many works, as [26] , for instance. It can be shown that some entangled states can violate (1), and this experimental violation was observed using photon pairs entangled in polarization [5] . In this case, directions a, a , b and b refer to different orientations of polarizers placed before the detectors, determining the direction of the Pauli matrix that is measured. It was shown by Cirel'son [29] that the maximum value of (1) is 2 √ 2, and it is easy to verify that this maximal violation can be obtained with maximally entangled states.
Inequalities as (1) have proved to hold for two-level systems or equivalent ones. By "equivalent ones", we also include Bell type inequalities involving a continuum of possible measurement outcomes that are dichotomized and transformed into a two outcomes measurement set-up. Dichotomization works as follows: one splits in two classes the range of possible measurement outcomes. All results obtained lying in one of the classes is identified to a given value (+ or −) and the results obtained in the complementary space are associated to the opposite sign. Some examples of systems where this can be successfully done are optical fields [9, 10] . An interesting problem is to derive Bell-type inequalities for continuous variables without appealing to dichotomization. Cavalcanti et al. found a way out by using second moment correlations instead of first moment ones, as done in CHSH-type inequalities as (1) [20] . Here, we deal with this problem in a different way: by using bounded observables, one can still use CHSH-type inequalities to detect non-local properties. In this case, a Cirelson bound depending on the norm of the measured observable can also be derived, even if, at least for the specific case treated in this paper, we have not shown yet that it can be attained. An interesting property of the inequality discussed in this work is that it can be used not only for infinite dimensional systems, but also in N levels systems, where N is a finite number. In this case, the numerical value of the bound splitting between a local theory and non-local one depends on the maximal eigenvalue of the measured observable.
Up to now, several studies have been made on Bell-type inequalities in different contexts. The general conclusion is that the subject still presents several open questions and no general theory is available. In particular, a number of intriguing features coming out from such studies somewhat contradict our acquired quantum "intuition": in [25] it is numerically shown that bipartite multidimensional states may violate locality tests more than two qubits. For two qubits, it has been proven that a maximal violation exists, and it is given by the Cirelson bound [29] , as will be discussed hereafter. Acin et al. showed, some years later, also using numerical tools, that the maximal violation for pure bipartite multidimensional systems is not obtained for maximally entangled sates [24] . General rules relating local realism violation and entanglement have not yet been found, even if it has been proven that all non-local states are entangled in some way. This fact can be easily understood with the help of entanglement witnesses. It has been shown in [12] that Bell-type inequalities are entanglement witnesses, and all non-local states are entangled.
The inequalities studied in this paper are based on molecular spatial orientation correlations measurements [22] instead of spin-like observables. However, the same type of idea can be generalized to other continuous bounded observables. We have shown that they can be implemented using time delayed measurements of correlations between the spatial orientations of two molecules. As in usual Bell inequalities scenarios, the proposed nonlocality tests rely on measurements performed independently on each molecule by observers placed far apart enough, so that no communication between them is possible during the realization of the protocol. We have shown that the proposed inequalities can be violated by a set of entangled states. An interesting point is that the inequalities derived in the present paper can also be used as entanglement witnesses, as shown, for general CHSH-tye inequalities in [6] . In this situation, one can loose measurement conditions, since we are interested only in detecting a particular quantum correlation, and not in a fundamental aspect of quantum physics.
From the experimental point of view, motivations for this work are the recent advances in single molecule manipulation and detection with entanglement creation [13] and quantum information purposes [14, [16] [17] [18] . In particular, trapped cold polar molecules are promising
